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A two-dimensional axisymmetric mathematical model is developed to determine the time-dependent heat flux applied
to a brake disc and the resulting temperature variation during braking. The model combines vehicle braking dynamics, the time-
dependent decrease in vehicle speed, the relative sliding velocity between the brake disc and pad, and the frictional heat generation
rate. The fraction of frictional heat transferred to the disc is estimated using the thermal effusivities of the disc and pad materials.
The heat flux acting on the real contact area is converted into an equivalent axisymmetric heat flux while preserving the total
thermal power. The temperature field in the brake disc is calculated numerically in MATLAB using the transient heat conduction
equation, the initial condition, and convective boundary conditions. In the baseline calculation, the temperature at the selected
monitoring point increased from the initial value of 35.0000 °C to 48.3220 °C at 10 s and then decreased to 44.0341 °C at 180 s.
The results demonstrate that the developed model can be used to evaluate the relationship between time-dependent thermal
loading and temperature variation in the brake disc.
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MOOENCO3UUN MATEMATUKUN YAPAEHU TAPMUN BOBACTA BA BAKT BA TAFUNPEBUU
XAPOPATU OUCKU TOPMO3 XAHITOMU TOPMO3IMPU
A.llepmyxamenos, 2Y. PaxmarToB
! Nouumroxu nasnaruu Hakauétu Tomkana, TomkaHz, V36exucTon
?Jlonumkanau nonutexuukun Yussax, Yuzzax, Y30ekucton

Mozenu MaTeMaTUKUH Jy4YeHaKau MEXBApCUMMETp Oapor MyalsiH HaMy/laH! yapaéHu TapMHK BoOacTa 0a BakT, K1 0a
JIICKA TOPMO3 TabCHP MEPAcOHal, Ba TariupEéOMU XapopaTH OH XaHIOMH TOPMO3THPH Taxus rapaui. Monen AMHAMHKan
TOPMO3THUPHH aBTOMOOMII, KOXUIIEONH CyphaTH Xapakar 00 Ty3alllTH BaKT, CYphaTH HHUCOHMHU JaFKUII OaliHM TUCKH TOPMO3 Ba
KOJIOZIKA, HHIYHHH CypBhaTu XOCHJIILIABUH FAPMid Aap HATUYau COMIIpo 0a xaMm MenaiBaHAaz. XUccau TapMUU COMIL, KU 0a JAHCK
MHTHKOJ Me€0a, 1ap acocu 2 Qy3uBUITH rapMIH MaBOJH JUCK Ba KOJIOJKaW TOPMO3 MyarsiH kapa MetnaBaj. Yapaéuu rapmue,
Ku 0a Macoxaru BOKEHUH TaMOC TabCHP MEKyHaa, 00 HHIroX [OIUTAHH HKTUAOPH YMYMHHU Tapmili 0a yapaéHu rapMuu
9KBUBAJICHTHH MEXBapCHMMETPA TaOIuiI moia meriaBan. MaiaoHu Xapopar Jap AWCKH TOPMO3 0a TaBpW amamil Jap MyXHTH
MATLAB 60 uctudozaa a3 Myonuiau FAMpUCTaTCHOHAPHH TapMUTy3apOHid, IAPTH UOTUIOH Ba IAPTXOU CapXaJAUU KOHBEKTUBH
Xuco0 Kapaa Memasaj. Jap Xxucobu 6a3aBi Xapopart Jap HyKTau Ha30paTHH WHTUXOOIIyaa a3 kuMatu uotumzonu 35,0000 °C o
48,3220 °C pmap conusin 10-ym 3uén rapauaa, 6abuan to 44,0341 °C pap conusin 180-ym koxum Ept. Harnyaxou 6agacromaa
HUIIIOH MEIUXAH]I, KH MOJENN TaxXusAIlIy/a MeTaBoHaj Oapon ap3&0un poburtau OaiiHM capOopuu rapMuM BobacTa Oa BaKT Ba
TardUpEONH XapopaTh JUCKH TOPMO3 HCTHU(OIA IaBa.

Kanuoeoscaxo. oucku mopmos, yapaéuu 2apmii, mauupéouu xapopam, Mooenu MexeapcumMmempi, Cypoamu 1a24Cuil,
appysueusamu eapmii, 2capmucyzaponii, MATLAB, pasanou mopmoseupii.

MATEMATUYECKOE MOOENMMPOBAHUE HECTALUMOHAPHOIO TEMIOBOIO NOTOKA U
M3MEHEHUA TEMIMEPATYPbl TOPMO3HOI'O ANUCKA B NPOLIECCE TOPMOXEHWUA
A. Wepmyxamenos, 2Y. PaxmartoB
'TamkenTCKMI rocy1apCTBEHHBIA TPAHCIIOPTHBIA YHUBEPCUTET, Tamkent, Y36eKucran

2JI’KM3aKCKMI NOIUTEXHUYECKUM MHCTUTYT, JIKu3ak, Y30ekucTtan

Pa3paboTana IByMepHas OCECHMMETPHYHAs MaTeMaTnieckas MOJeITb JUTsl OTpeIe/ICHHs M3MEHSIOIIErocsl BO BpeMEHU
TEIUIOBOTO IOTOKA, JNEHCTBYIOLIETO0 HAa TOPMO3HOM JMCK M COOTBETCTBYIOLLIETO M3MEHEHHs €ro TeMIIepaTypbl B IIpoliecce
TOpMOXKeHHS. Monenb OOBeTUHSCT IWHAMHKY TOPMOKCHHS aBTOMOOWIISI, BPEMEHHOC CHIKCHHE CKOPOCTH JBIIKCHUS,
OTHOCHTEIIbHYIO CKOPOCTH CKOJIBKEHHS MEXAY TOPMO3HBIM JUCKOM H KOJOAKOHM, a TakkKe WHTEHCHUBHOCTb TETLIOBBIICICHUS
BeJecTBAE TpeHUsI. J{oMs Teruia TpeHusl, mepeaaBaeMoro TOPMO3HOMY JHCKY, OTIPENENISIETCS Ha OCHOBE TeTI0Bo# 3hdhy3uBHOCTH
MarepuajoB JUCKa W TOPMO3HOM KOJOIKH. TEIUIOBOH MOTOK, HIEHCTBYIONMHA Ha (AKTUYECKYIO0 IUIOMIAAb KOHTAaKTa,
npeobpasyercss B IKBHUBAJICHTHBIM OCCCUMMETPUYHBIH TEIUIOBOM MOTOK TMPU COXPAHCHHWH IIOJIHOM TETUIOBOW MOIIHOCTH.
TeMriepatypHO€ [oJie TOPMO3HOTO TUCKA PACCUUTHIBAETCS YnciieHHO B cpene MATLAB Ha 0CHOBE HECTALIMOHAPHOTO YPAaBHEHHUS
TETUTOTIPOBOTHOCTH C YYETOM HAYaJIbHOTO YCIOBUS M KOHBEKTHBHBIX TPAaHHUYHBIX YCJIOBHHA. B 6a30BoM pacuéTte Temmeparypa B
BBIOpAHHOW KOHTPOJIbHOW TOYKE YBEIMYWIACH ¢ HadanbHOTO 3HaYeHus 35,0000 °C no 48,3220 °C Ha 10-1i cexkyHue, OCIe Yero
cuusmiach 710 44,0341 °C k 180-it cexyne. [lomyueHHbIe pe3yibTaThl MOKA3bIBAIOT, YTO pa3paboTaHHas MOJIEIh MOXKET OBbITh
HCIIOJIb30BaHA JIJIsl OLICHKU B3aMMOCBSI3H MKy H3MEHSIOIICHCS] BO BPEMEHH TEIIOBOM HATPY3KOH W H3MEHEHHUEM TEMIIePaTyphbI
TOPMO3HOTO JIHCKa.

Kniouesvie cnoga: mopmosHoU OuCK, Mennogoll NOMOK, USMEHeHUue meMnepamypul, O0CeCUMMEMPUUHAs MOOenb,
CKOPOCMb CKOMbIICEHUS, MeNN08dsl P Py3usHocmy, menionposoonocmv, MATLAB, npoyecc mopmodiceHus..
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Introduction

During braking, the kinetic energy of the vehicle is converted into thermal energy due to friction
between the brake pad and the disc. The heat generated is distributed between the brake disc, the pad
surface and the environment. In this case, the heat flux on the surface of the brake disc does not remain
constant during braking, since as the vehicle speed decreases, the relative sliding velocity between the
disc and the pad also decreases. Therefore, considering the heat flux on the disc surface as a time-
dependent quantity allows a more accurate representation of the thermal processes in the brake
mechanism.

During braking, the temperature on the disc surface is not uniformly distributed. The formation of
the temperature field is affected by the location of the friction zone, the inner and outer radii of the disc, its
thickness, the thermal conductivity, density and specific heat capacity of the material, as well as the heat
exchange between the disc and the environment. A local increase in temperature in some parts of the disc
changes its thermal state and affects the operating conditions of the brake mechanism. Therefore, it is
necessary to use a mathematical model to estimate the time and space distribution of heat in the brake
disc.

One of the main issues in calculating the temperature of the brake disc is to correctly determine the
heat flux on the disc surface. The heat energy generated during friction depends on the contact pressure,
the friction coefficient, and the sliding velocity between the disc and the pad. At the same time, only a
certain part of the generated heat is transferred to the disc, while the rest is absorbed by the pad lining.
When determining the proportion of heat transferred to the disc, it is necessary to take into account the
heat absorption and transfer properties of the disc and lining.

During braking, as the vehicle speed and, accordingly, the sliding velocity decrease, the heat flux
also changes over time. After braking, new heat input to the disc surface stops, and the processes of
internal heat dissipation in the disc and convective cooling with the environment continue. In such
conditions, it is necessary to include the time-dependent heat flux in the boundary condition of the heat
transfer equation to determine the temperature change in the disc.

The brake disc is geometrically symmetrical with respect to the axis of rotation. Therefore,
expressing its temperature distribution in the radial and through-thickness directions using an axisymmetric
model allows simplifying the calculation process. In such a model, the disc is considered as a
homogeneous and isotropic body, and the heat generated by friction is given as an external heat flux to
the friction surface of the disc. Heat transfer from the disc to the environment is taken into account by
means of a convective boundary condition.

When using an axisymmetric model, it is required to distribute the heat flux generated on the real
pad-disc contact surface equivalently to the surface of the friction ring of the disc. In this case, the equality
of the total heat power in the real contact surface and the axisymmetric calculation area must be
maintained. This approach allows the heat flux in the real contact area to be included in the two-dimensional
radial-thickness calculation model.

The purpose of this study is to determine the time-dependent heat flux on the surface of the brake
disc and develop a mathematical model of the temperature change in the disc based on the relationship
between braking dynamics, the sliding velocity between the disc and the pad, the heat generated by friction,
and the fraction of heat transferred to the disc.

To achieve this objective, the vehicle-speed history and disc—pad sliding velocity are determined,
the frictional heat flux and the fraction transferred to the disc are evaluated, the real contact heat flux is
transformed into an equivalent axisymmetric load, and the transient heat-conduction problem is solved
numerically in MATLAB.

As a result of this study, a single mathematical calculation sequence is formed that relates the
braking conditions to the heat flux on the disc surface and the time-dependent temperature field of the disc.
The main result of the model is to determine the temperature distribution of the brake disc in the radial and
thickness directions over time.

During braking, the kinetic energy of the vehicle is converted into thermal energy due to friction
between the disc and the pad. The overall energy balance of the process is expressed as:

B =" (1)
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Here, m— calculated mass of the vehicle, kg; vy— speed at the beginning of braking, m/s. Some
of the energy produced is absorbed by the brake disc and pad, while the rest is transferred to the
environment through convection, radiation, and thermal conduction.

Belhocine and Bouchetara [1] developed a three-dimensional model of solid and ventilated
automotive brake discs in ANSYS and showed that the brake mode, geometric structure, and
thermophysical properties of the material affect the disc temperature. This study substantiates the need to
consider not only the total energy dissipated, but also the disc geometry and cooling conditions when
evaluating the temperature state of the brake disc.

Previous studies have employed 1D analytical, 2D axisymmetric, and 3D non-axisymmetric models
to investigate thermal processes in brake discs. One-dimensional models allow for a simple and quick
assessment of the effect of time-dependent friction loading on temperature, but do not determine the
temperature distribution in the radial and circumferential directions of the disc. Three-dimensional models
represent the local contact zone and maximum temperature in detail, but require large computational
resources. The two-dimensional axisymmetric approach allows for the determination of the temperature
field in the radial and thickness directions of the disc with relatively low computational complexity.
Therefore, the 2D axisymmetric model was chosen in this study.

Yevtushenko, Kuciej and Topczewska [2] analyzed ten different time profiles of friction force
analytically. The results showed that even under the same total energy conditions, the shape of the q(t)
function is affected by the surface temperature, the maximum temperature and the temperature gradient
along the thickness. Therefore, taking the heat flux on the brake disc as a constant value may not accurately
describe the temperature process.

Topczewska, Gerlici and Yevtushenko [3] proposed an analytical model that takes into account the
initial increase in contact pressure, the average friction coefficient and the time-dependent speed during a
single braking. The model is based on a one-dimensional semi-infinite body problem and is verified with
thermocouple results obtained on a full-scale dynamometer stand. This approach confirms that contact
pressure, friction coefficient, and time-dependent sliding velocity are key factors governing the thermal
load.

Not all frictional heat is transferred to the brake disc. Under ideal thermal contact, the heat partition
between the disc and pad can be estimated from their thermal effusivities. Under real contact conditions,
however, surface roughness, thermal contact resistance, actual contact area, and pressure non-uniformity
may also affect the heat partition [3, 4].

Table 1 — Physical factors considered in thermal models

Source q(t) Heith:i;ti?clll;t;(&n in Convection Radiation ];:If\?:sl;iirgllail;;il
[1] v v v - -
[2] v v - - -
[3] v v - - v
[4] v v v - -
[5] v - v - -
[6] v partially v - v
[7] v partially v v v
w || y =
Proposed model| v v v - Next step

Table 1 shows that time-dependent heat flux and convective cooling are considered as the main
physical factors in most of the models considered. The heat distribution between the disc and the pad is
also considered in most studies, since not all the heat generated during friction is transferred to the disc.
Radiative heat transfer is included only in some models, mainly those focused on high temperatures or
long-term braking. Since this study considered a single and relatively short braking, the main attention was
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paid to the time-dependent friction load, heat distribution between the disc and the pad, and convective
cooling. Radiation was not considered in order to simplify the model. Experimental verification is planned
for a later stage of the study.

Gao and Lin [4] investigated the non-axisymmetric three-dimensional temperature field of a brake
disc by representing the moving pad as a local heat source. Their results showed that the disc temperature
varies significantly in the circumferential direction and that local maximum temperatures develop near the
friction source, indicating that a 2D axisymmetric model cannot fully reproduce local hot spots. In contrast,
Wolff and Kukulski [6] applied a two-dimensional axisymmetric transient thermal model using the finite
element method and validated the results against full-scale dynamometer data, demonstrating that this
approach can effectively determine temperature variations in the radial and thickness directions of the disc
with considerably lower computational cost. Wu et al. [7] also employed a symmetric two-dimensional
formulation based on the barycentric rational interpolation collocation method and additionally considered
radiative heat transfer together with convection. Overall, 2D axisymmetric models provide a practical
balance between computational efficiency and the ability to describe the principal radial and through-
thickness temperature variations in a brake disc. However, because circumferential variations are
neglected, such models are inherently limited in predicting moving local heat sources, non-uniform
circumferential temperature fields, and local hot spots that can be captured more accurately by three-
dimensional non-axisymmetric models.

In local and regional studies, Inagamov et al. [8] investigated temperature and thermal
stresses in a railway wheel-shoe braking system using COMSOL, demonstrating the importance of contact
pressure, velocity, and material properties in thermal calculations. Tilavov [9] discussed the conversion of
kinetic energy into heat in automotive braking systems, although a time-dependent spatial thermal model
was not developed.

Previous studies have demonstrated the effectiveness of analytical, two-dimensional axisymmetric,
and three-dimensional non-axisymmetric approaches for analysing thermal processes in braking systems.
However, the principal components of the braking process, including vehicle deceleration, time-dependent
sliding velocity, frictional heat generation, heat partition between the disc and pad, and transient heat
conduction in the disc, are often considered separately or under simplified thermal loading conditions.
Furthermore, although three-dimensional models can reproduce circumferential temperature non-
uniformity and local hot spots, they require substantially greater computational resources.

In the present study, these physical processes are integrated within a unified two-dimensional
axisymmetric mathematical model. The model links vehicle braking dynamics with the time-dependent
disc—pad sliding velocity and frictional heat generation, accounts for heat partition between the disc and
pad on the basis of their thermal effusivities, and converts the heat flux acting over the actual contact area
into an equivalent axisymmetric heat flux while preserving the total thermal power. The resulting transient
temperature field is then determined numerically from the heat conduction equation with convective
boundary conditions. This approach provides a computationally efficient framework for evaluating the
relationship between time-dependent thermal loading and the radial and through-thickness temperature
variation of the brake disc, while acknowledging that local circumferential hot spots are beyond the scope
of the axisymmetric formulation.

Materials and methods
Physical scheme of the mathematical model and accepted assumptions
During braking, the kinetic energy of the vehicle is converted into thermal energy due to the friction
between the brake disc and the pad. Part of the heat generated is transferred to the disc, part to the pad,
and the rest is transferred to the environment. The heat flux on the disc surface changes over time as the
speed decreases during braking.
The physical sequence of the model is expressed as follows:
E — Pf(t) - qreal(t) - ani(t) — T(rzt) (2)
Here:
e E,— initial kinetic energy of the car, J;
. Pf(t)— Power of the friction, W;
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e  (req(t)— heat flux on the real disc-pad contact surface, W/m?
qaxi(t)— equivalent heat flux to be included in the axisymmetric model, W/m?;
e T(rzt)— Time-dependent temperature field on the brake disc, °C.

Computational domain
The brake disc is considered as a hollow cylinder with an inner radius R;, an outer radius R, and a
total thickness of 2b. The calculation area:
Ri<r<R, —b<z<ht=0 (3)
is determined in the intervals.
Here:
e r—radial coordinate, m;
e z— coordinate by disc thickness, m;
¢ b— half-thickness of the disc, m;
e t—time, s.
The heat flux applied to the disc surface is distributed over time in the radial and thickness
directions.
In the axisymmetric approach, the temperature change along the circular coordinate is not taken

into account:
or _

55 =0 (4)
Therefore, the general three-dimensional:
T=Tr6z2t) (5)
The temperature field is represented in the following two-dimensional form:
T=T(rzt) (6)

This simplification serves to determine the equivalent temperature distribution along the friction ring
of the disc. The model calculates the temperature field in the radial and through-thickness directions, rather
than local circumferential hot spots.

Assumptions Adopted in the Model
The main assumptions adopted in formulating the model are presented in Table 2.

Table 2 — Key assumptions made in the mathematical model
Mathematical expression

Ne Assumption Impact on the model
or content

1 |The disc is homogeneous and isotropic ka, pa, cqg = const P.rope‘rtles are assumed to be the same in all
directions

2 |There is no volumetric heat source inside the disc g, =0 Heat is introduced only through the surface

3 | The model is axisymmetric T /36 = 0 .Unevenness‘ in the circumferential direction
is not taken into account

4 3:13 econtact pressure is represented by an average p(t) ~ Peg Real pressure fluctuations are averaged

5 |The speed decreases linearly during braking v(t) =v,—at Heat flux decreases with time

Heat is partitioned between the disc and the
brake-pad lining
The actual contact heat flux is distributed

7 equivalently over the friction annulus GrealAc = GaxiAann Total thermal power is conserved

Only a part of the generated heat is

qa(t) = Nady ®) transferred to the disc

Heat loss from the disc to the environment is

8 | The cooling is represented by convection Qeony = M(T —Ty) taken into account

In the next stage, only diffusion and cooling
continue

9 |No new heat is introduced after braking is over qgt) =0,t>t,
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The assumption that the disc is considered a homogeneous and isotropic body, that there is no
internal volumetric heat source, and that frictional heat is given in the form of an external surface load is
consistent with the initial model assumptions.

Energy transfer in the brake disc
The initial kinetic energy of the car during braking is:

B =18 (7)
2

Here, m— effective vehicle mass, kg; v,— speed at the beginning of braking, m/s.

This energy is distributed among all the braking mechanisms of the car, the resistive forces, and
the disc and the pad. Therefore, the value of E;, cannot be directly equated to the thermal energy entering
a single brake disc. In this model, the heat transferred to the disc is determined not from the total kinetic
energy of the car, but from the friction force at the disc-pad contact.

The total energy balance of the brake disc is:
dUg

ar Qin(t) - Qconv(t) (8)

written as above. Here, U,— internal energy stored in the disc; Q;,— heat energy entering the disc through
friction; Q..nyv— the heat energy convectively transferred from the disc surface to the surroundings.
Thermal conductivity within the disc is not an energy loss, but a redistribution of heat in the radial
and thickness directions. Therefore, it is not separately isolated in the overall energy balance of the disc,
but is taken into account in the heat conduction equation.
Thus, the heat transferred to the disc is determined not directly from the total kinetic energy of the
car, but through the friction force at the disc-pad contact.

Braking dynamics and sliding velocity determination

The heat flux on the disc surface depends on the tangential sliding velocity of the disc relative to
the pad. Therefore, the average deceleration of the vehicle, the duration of braking, and the change in
speed over time are initially determined. In this model, the calculation was organized in the sequence of
first determining the braking distance and average deceleration, then the vehicle speed and the sliding
velocity between the disc and the pad.

Average deceleration and braking duration
Let the car travel the braking distance from the initial speed v, until it comes to a complete stop.
Here, the braking distance is the distance traveled from the moment the brake mechanism is activated until
the car stops, not the driver reaction distance.
On a flat road and assuming a constant average deceleration:
v? =v3 - 2aS (9)

Since v = 0 at the end of braking:
a=-— (10)

Here, a— average deceleration of the car, m/s2
Braking duration:

or considering expression (10):

Change in car speed over time
It is assumed that the vehicle speed decreases linearly during braking:
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_(vo—at, 0<t<t,
v(t)_{ 0, t>t,. (13)

This simplification represents the time-varying average of the real deceleration. A linear decrease
in speed is also assumed in this mathematical model.

Angular velocity of the disc
The model does not lock the wheel during braking and does not take into account the longitudinal
sliding of the tire relative to the road. In such conditions:

v(t) = wy (R (14)

Here, w,, (t)— angular velocity of the wheel, rad/s; R, — effective radius of the wheel, m.
Since the brake disc is kinematically connected to the wheel hub:

wa(t) = @, (O =52 (15)
From this:
Vo—at
—, 0<t<t,
wy(t) ={ Rw b (16)
0, t > tp.

If a wheel locks or there is significant tire slip, the relationship v = w,,R,, Will be broken. This
situation is not included in the scope of this simplified model.

Average friction radius
The tangential velocity of the disc surface depends on the radial coordinate:
v (rt) = wa (O (17)

The average friction radius R, is used to express the velocity in the contact zone with a single

value. When the contact pressure is assumed to be uniformly distributed in the radial direction:
_ 2R}o~R}
Ry = 3R%,~R%,

(18)

Here R ;and Ry ,— inner and outer radii of the friction ring.

If R, is previously determined based on the actual geometry of the brake disc and pad, this value
is used in the numerical model.

Disc-pad sliding velocity
When the pad is considered stationary and the disc is in rotational motion, the tangential sliding
velocity of the disc friction surface relative to the pad is:

Us(t) = wq(H)Rm (19)
Considering expression (17):
vs(8) = 22 v(0) (20)
and during braking:
vs(t) =’;—m(u0—at), 0<t<t, (21)

The complete time-dependent function is:
Rm
() = {E(vo —at), 0<t<t,
0, t > tp.

(22)

At the beginning of braking:

56



[Maému nommrexuukii. BAXIIN TAXKUKOTXOU MYXAHJIUCH. Ne 3 (75) 2026

OES (23)

and at the end of braking:
vs(tp) =0 (24)

Determining the average friction radius on the disc and the sliding velocity through the wheel radius
is one of the key steps in the model.

Determining time-dependent heat flux
The friction force generated at the disc-pad contact depends on the contact pressure, the coefficient
of friction, and the sliding velocity. The normal force acting on the pad and the friction force are:

N = pquc' Pf(t) = .upqucvs(t) (25)

Here, p.q— average equivalent contact pressure; A.— disc—pad contact surface; p— coefficient of
friction.

Only n, part of the heat generated by friction is transferred to the disc. Therefore, the heat flux on
the real contact surface is:

Greal(t) = Tldﬂpequ(t) (26)
Substituting the sliding velocity obtained in the previous section gives:
R
L(yvg—at), 0<t<t,
qrea](t) — {nd.upeq Ry ( 0 ) b (27)
0, t>t,

is obtained. Therefore, as the speed decreases during braking, the heat flux also decreases linearly,
and when braking is over, no new frictional heat enters the disc. In this study, the heat flux is determined
by the fraction of heat transferred to the disc, the contact pressure, the coefficient of friction, and the time-
dependent sliding velocity.

When the disc and the pad are considered as semi-infinite bodies in ideal thermal contact, the
fraction of heat transferred to the disc is estimated by the thermal effusivity of the materials:

e =y kpc, ng =

(28)

eqtep

Here, k, p and c— thermal conductivity of the material, density and specific heat capacity; e; and
e,— thermal effusivity of the disc and pad. This assessment is based on the assumption of ideal contact
and does not directly take into account the thermal resistance of contact and surface roughness in real
conditions.

In a real brake system, the pad is in contact with only a limited part of the disc circumference. In an
axisymmetric model, the heat flux is distributed over the entire friction ring. In this study, A, denotes the
total nominal contact area of the pads on both sides of the disc, and A,,,, denotes the total surface area of
the friction rings on both sides of the disc. If the nominal contact area of one pad is 4,, then for a double-
sided disc brake, A, = 24, is taken. From the condition of conservation of total heat energy:

Greal(t)A; j Gaxi(t)Aann (29)
ani(t) = ﬁQreal (t) (30)

an

where is the total area of the two friction surfaces:
Agnn = 21(RE, — R};) (31)

As a result, the heat flux introduced into the axisymmetric model is:
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A R
— = —at), 05t <t
Qani(1) = {“ PebPea i, (0 740 ’ (32)

0, t>t,

This equivalence adapts the loading to the axisymmetric calculation domain while conserving the
total thermal power over the actual contact area.

The determined function q.;(t) is introduced into the boundary condition of the heat transfer
equation in the brake disc in the next step.

Mathematical model of heat conduction in the brake disc
In the axisymmetric approach, the disc temperature depends on the radial coordinate, the thickness
coordinate, and time:
T=T(rzt) (33)
Assuming that the disc is homogeneous and isotropic, and that there is no volumetric heat source
inside it, the unsteady heat transfer equation is expressed as follows:
2
paca e = a [5: (r57) + 5] (34)
where k;, p; and c; are the thermal conductivity, density, and specific heat capacity of the disc
material, respectively. This equation describes the temperature change in the radial and thickness
directions of the disc.
Computational domain:
R, <r<R, —b<z<bh (35)
is taken in the range. Here R; and R, are the inner and outer radius of the disc, and 2b is its total thickness.
The assumption of the disc as a hollow cylinder is consistent with the initial model.
The heat transfer on the disc surface is expressed by a single general boundary condition:

aT

kage = qs(rt) = h(T = To,) (36)

here n— external normal direction of the surface; h— convective heat transfer coefficient; T.,— ambient
temperature.

Surface heat flux:
qaxi(t)' Rfi =r=s Rf 0/
,t) = L L 37
95(r ) { 0, "outside the friction zone". (37)

Thus, in the friction ring, heat input to the disc and convective cooling are taken into account
together. On the remaining surfaces, only convective heat exchange with the environment occurs. In the
model, the time-dependent heat flux and convective cooling are given by a single boundary condition.

Initial condition:

T(r,z,0) =T, (38)

is taken as, where T, is the disc temperature before the start of braking.
After braking is complete:
Qaxi(t) =0, t >t (39)

and only internal heat dissipation and convective cooling continue in the disc.
As a result, the mathematical problem consists of the following system:

oT 10 oT a%r
pacage = kalror (757) + 32l
oT
ko= qs(rt) — h(T = T,), (40)
T 2z0) =T,

This system is introduced with g, (t), which was determined in the section on determining the time-
dependent heat flux, and the disc:
T(r,zt)
is the temperature field. This equation was solved numerically in MATLAB.
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The formulated mathematical problem is solved numerically in the MATLAB program in the next
section.

Numerical solution algorithm in MATLAB
The heat transfer equation is solved numerically in MATLAB. In this case, a two-dimensional,
axisymmetric model of the disc section is assumed and discretized in the radial and thickness directions:

Ti=Ri+(i—1)AT, Zj=—b+(i—1)AZ (41)
Ar =BozRi py = 2 (42)
Ny—1 Ny—1

here N, and N,— number of nodes by radius and thickness.

According to the initial condition, at the initial time of the calculation, the temperature is assumed to
be uniform throughout the entire cross section of the disc and equal to:

T =To (43)

At each time step, the vehicle speed and the sliding velocity between the disc and pad are first
determined, after which the time-dependent axisymmetric heat flux q..;(t)is calculated. This heat flux is
applied only to the surface nodes located within the disc—pad contact region. Once braking is completed,
no additional frictional heat is introduced, and only internal heat conduction and convective cooling are
considered.

The axisymmetric heat flux is applied only to the surface nodes located within the friction annulus:

Rf,i <r=s Rf,o

When the braking is over, i.e. when t > t,, the new heat input is stopped and only the heat
dissipation and convective cooling inside the disc are continued in the calculation. The calculation in the
model is also organized in the same order.

During the calculation, the velocity, sliding velocity and heat flux are updated at each time step, and
then the temperature values at the disc nodes are calculated. As a result, the time-dependent temperature
field along the disc and the temperature change at the selected control point are obtained.

Thus, the numerical solution establishes the following computational relationship:

ani(t) - T(T‘, Z, t)

Baseline computational conditions

To demonstrate the application of the developed mathematical model, a single baseline case
corresponding to a metal-based brake lining was adopted. This calculation was not performed to compare
materials, but to demonstrate the time-dependent thermal load and temperature change in the brake disc.

Table 3 — Main parameters used in the baseline calculation

Parameter Symbol Value
Initial speed Vo 16.66 m/s
Ratio of average friction radius to wheel radius R,./R,, 0.32334
Initial sliding velocity 1,(0) 5.3869 m/s
Fraction of heat transferred to the disc N4 0.8226
Combined area of the two friction annuli Aann 0.05485 m?
Surface equivalence coefficient ky 0.07384
Initial disc temperature Ty 35°C
Calculation duration tmax 180 s

The principal parameters adopted for the baseline case are listed in Table 3: n; = 0.8226, R,,,/R,, =
0.32334, v,(0) = 5.3869m/s, A,p, = 0.05485m? and k, = 0.07384.
Thermophysical properties of metal-based brake-pad lining:
k, =5W/(m-K), p, = 1400 kg/m?, ¢, = 1000 J/(kg - K)
These values are used to determine the fraction of heat transferred to the disc based on thermal
effusivity.
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Based on the adopted parameters, the initial heat flux on the real contact surface is:
Qrealo = 9.5834 X 10® W/m?

The initial equivalent heat flux introduced into the axisymmetric model is:
Gaxio = 41230 x 105 W/m?
The calculation was performed for 180 s. The heat flux was applied only to the friction zone of the
disc during braking, after which heat dissipation and convective cooling within the disc were taken into
account. The temperature change over time was recorded at the monitoring point P4 on the disc surface.

Results

Based on the adopted baseline parameters and the time-dependent heat flux, the temperature
change in the brake disc was calculated. During braking, the heat flux decreased with speed and became
zero at t = t,. After that, no new heat was introduced into the disc, and the temperature change was
determined by heat dissipation and convective cooling within the disc.

Table 4 — Temperature change over time at monitoring point P4

Time, s Temperature, °C

0 35.0000

10 48.3220

20 47.5079

30 47.0000

60 45.8872

90 45.1304
120 44.6201
180 44.0341

The change in temperature over time at monitoring point P4 is graphically presented in Figure 1.

50

483220 | —O— Temperature at Point P4 |

47.5079
47.0000

45.8000
45.1300

s 44.0341 |

Temperature, T (°C)

35.0000

35 O s il L L L L 1 L 1
0 20 40 60 80 100 120 140 160 180 200
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Figure 1 — Temperature variation over time at monitoring point P4 for a metal-based brake lining

Figure 1 shows that the temperature at monitoring point P4 increased from 35.0000 °C to 48.3220
°C in the first 0-10 seconds. At subsequent selected time points, the temperature was 47.5079 °C at 20
seconds, 47.0000 °C at 30 seconds, and then decreased steadily. At 180 seconds, the temperature at the
control point was 44.0341 °C.
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The highest calculated temperature at the selected time points was observed at 10 seconds.

Temperature increase compared to the initial temperature:
ATy = Tyo — Tp = 48.322 — 35 = 13.322 °C
Temperature drop between 10—180 seconds:
AT;0-180 = T1o — T1go = 48.3220 — 44.0341 = 4.2879 °C

At the end of the calculation, the difference between the temperature at 180 seconds and the initial

temperature is:
ATy_180 = T1go — Tp = 44.0341 — 35.000 = 9.0341 °C

Thus, at the end of the calculation, it was determined that the disc temperature increased by 9.0341
°C compared to the initial state.
The results obtained show that time-dependent thermal loading leads to an increase in the disc
temperature, and after the loading is completed, the temperature decreases due to heat dissipation and
convective heat exchange within the disc.

Discussions

The baseline calculation results showed that the heat flux on the disc varies depending on the
vehicle speed. In the adopted linear deceleration model, the sliding velocity and the associated
axisymmetric heat flux decrease during braking and become zero at the end of braking. This result is
consistent with the formulated mathematical relationships.

The temperature at monitoring point P4 increased from 35.0000 °C to 48.3220 °C in the first 0—10
seconds. In the subsequent time interval, the temperature decreased and was 47.5079 °C at 20 seconds,
47.0000 °C at 30 seconds, and 44.0341 °C at 180 seconds. Thus, at the selected time points, an initial
heating and then a cooling process were observed. At the end of the calculation, at 180 seconds, the disc
temperature was 9.0341 °C higher than the initial value.

The obtained values are related to the selected baseline parameters, the assumed thermophysical
properties and the model assumptions. The two-dimensional axisymmetric model takes into account the
radial and thickness heat dissipation in the disc, but does not reflect the local temperature irregularities in
the circumferential direction. This is due to the fact that the heat flux on the real contact surface is distributed
equivalently over the entire friction ring.

The contact pressure, friction coefficient and thermophysical properties of the materials are taken
as constant effective parameters in the model. The contact thermal resistance, surface roughness and
temperature-dependent changes in the parameters are not taken into account separately. Therefore, the
model does not serve to fully represent all local processes in a real brake mechanism, but to evaluate the
main connection between the time-dependent heat flux and the temperature change in the disc.

Thus, in the basic calculation, the temperature change corresponding to the assumed physical
connections and boundary conditions of the model was obtained. The developed model can serve as a
theoretical basis for comparison with further experimental results and for assessing the influence of key
parameters on disc temperature.

Conclusion

In this study, a two-dimensional axisymmetric mathematical model was developed to determine the
time-dependent heat flux acting on the brake disc and the temperature field on the disc during braking.

The model determined the vehicle deceleration, the time-dependent speed change, and the sliding
velocity between the disc and the pad based on the braking distance. The heat flux generated by friction
was expressed in terms of the heat transfer fraction to the disc, the contact pressure, and the friction
coefficient. The heat flux on the real contact surface was adapted to the axisymmetric friction ring while
conserving the total thermal power.

The temperature field on the disc was calculated numerically in MATLAB based on the transient
heat-conduction equation, initial conditions, and convective boundary conditions. In the baseline
calculation, the initial temperature at the monitoring point P4 was 35.0000 °C and increased to 48.3220 °C
at the 10th second. The temperature decreased in the next time interval, reaching 44.0341 °C at 180
seconds. The temperature decrease in the period from 10 to 180 seconds was 4.2879 °C, and at the end
of the calculation, the temperature was found to be 9.0341 °C higher than the initial value. The results
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showed that it is possible to estimate the relationship between the time-dependent thermal load and the

temperature change in the brake disc under the conditions of the adopted model. The developed model

can serve as a basis for theoretical studies of the influence of the main parameters on the temperature
field in the disc and for comparison with subsequent experimental results.

Reviewer: RA. Davlatshoev — Candidate of Technical Sciences, Associate Professor of the Department of “Automobile

Transport Operation”, Tajik Technical University named after Academician M.S. Osimi.
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